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Abstract
We discuss a number of problems associated with the circle compactification of the
bosonic tensile ambitwistor string with the asymmetric vacuum choice. By considering the
spectrum and physical state conditions, we show that the circle radius plays a role as a
tuning parameter which determines the low energy effective field theory. At the self dual
point, we construct the current operators and compute OPEs between them. While the
final outcome remains as yet inconclusive, several new results are obtained. Through the
current algebra analysis we show that there is a subsector of the massless states where
the gauge symmetry is enhanced to ISO(2)L × SU(2)R. Using the fact that the one
loop partition function is not modular invariant, we show that tensile ambitwistor string
partition function is exactly the same as a field theory partition function. Our result proves
that despite the existence of winding modes, which is a typical characteristic of a string,
the tensile ambitwistor string behaves as a point particle theory.
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1 Introduction
Strings, unlike point particles, are extended objects that are able to wind around non-
contractible cycles. Their extended structure is responsible for many interesting phenomena
that are not evident in a field theory of point particles. For instance, in the case of toroidal
compactification, besides the Kaluza-Klein (KK) states associated to compact momenta,
there are winding states associated to the number of times that a cycle is wrapped by a
string.
At specific points of the moduli space of the torus some massive states become massless
and can give rise to enhanced gauge symmetries. The simplest example is provided by the
compactification of the ordinary bosonic string on a circle at the self dual radius R =
√
α′.
At this point the U(1)L × U(1)R gauge symmetry of the KK massless modes enhances to
SU(2)L × SU(2)R.
In the last few years there have been several attempts to construct new string theories
[1–7]. They have tried to explain the worldsheet origin of several apparently unrelated
theories, such as HSZ theory [8, 9] in double field theory or the CHY formula [10–13] in
1
scattering amplitudes. Recently Casali and Tourkine clarified [5] the relation between am-
bitwistor and tensionless string theory by means of an asymmetric vacuum choice between
the left and right oscillators [14, 15]. Subsequently in [6] a consistent quantization scheme
was proposed for the finite string tension case of the ambitwistor string.
A remarkable common feature of these new string theories that we shall refer to as
twisted string theories1 is the finite number of degrees of freedom. When quantizing twisted
string theory on a non-compact flat spacetime a finite number of degrees of freedom comes
out. It is regarded as a theory living at the edge of quantum field theory (QFT) and string
theory. For instance, scattering amplitudes of twisted string theory are invariant under
s ↔ t ↔ u exchange as in conventional string theory, however, at the same time, the
partition function of twisted string theory is not modular invariant [6, 17] as in QFT.
On the one hand, there are evidences [20, 21] that suggests supersymmetric twisted
string theories are quantum mechanically consistent. For instance the non-compact flat
supersymmetric extension is ghost free [1, 3]. Nevertheless full consistency has not been
proven yet. On the other hand, when twisted string theory is compactified on tori, an
infinite number of KK and winding states arises, and the spectrum changes significantly [7].
Interestingly, even though the infinite tower of massive winding excitations reveals stringy
features that are not appreciable from the non-compact twisted string, the theory still
possesses QFT features. However, the appearance of infinitely many negative norm states,
even in the supersymmetric extension of the twisted compact string, makes the full quantum
consistency subtle and perhaps impossible to achieve. Regardless of quantum consistency,
compactified twisted string theory deserves more attention and a deeper exploration to
understand the essence of this new string theory.
In this paper we study bosonic twisted string theory compactified on a circle with an
arbitrary radius R. We focus on the most distinctive features of string theory that a generic
QFT does not have, such as
• The spectrum: infinitely many degrees of freedom are regarded as a key property of
string theory. While QFT contains a finite number of degrees of freedom.
• Gauge symmetry enhancement: this important stringy effect of circle compactifica-
tion arises at the self dual radius. For the conventional string the U(1)×U(1) gauge
symmetry is enhanced to SU(2) × SU(2).
• The partition function: string theories have modular invariant partition functions.
However, in QFT modular invariance is not a quantum requirement.
We investigate these features in twisted string theory and compare with the conventional
string theory.
We show that twisted string is sensitive to the circle radius R, and the physical spec-
trum is drastically altered by changing R. We find that there are particular points where
the number of massless fields reduce to 4: the massless NSNS fields g,B and φ, and a
higher spin field a¯µ1µ2...µn .
1As in [7] we shall refer to this kind of theories as twisted strings. Its possible mathematical foundations
could be related with so called twisted cocycle [16].
2
The physical spectrum for a generic R has infinitely many massive higher spin states.
At the self dual point infinitely many of these states become massless. By computing the
current algebra we find some evidences that the gauge symmetry is enhanced. Even though
the full gauge group is not obvious, for a subsector of the massless states we identify the
left gauge group GL = ISO(2), which is the group contraction of SO(3) .
The partition function for twisted string compactified on a circle is not modular invari-
ant as in the non-compact case. Interestingly enough, even with infinitely many degrees
of freedom, the integration over the moduli space can be performed analytically. This
partition function properly counts the physical degrees of freedom and corresponds to the
expected QFT partition function. Twisted string theory, even containing infinitely many
degrees of freedom, keeps some features of QFT.
In section 2 we briefly review the quantization of string theory with the asymmetric
vacuum on flat non-compact spacetime. In section 3 we develop the quantization of twisted
bosonic string theory compactified on a circle. We pay special attention to the spectrum
and the points where the number of massless fields is enhanced. In section 4, with the
aim of identifying the enhanced symmetry, we compute the OPE and current algebra. We
present one case in which the enhanced algebra can be easily identified, at least for the
zero mode. In section 5 we compute the partition function. It turns out that the partition
function, like its non-compact counterpart, is not modular invariant. We compare the
physical spectrum derived directly from the physical conditions with the counting of the
degrees of freedom from the partition function, and we find perfect agreement. Conclusions
are presented in section 6.
2 Review of closed string theory with asymmetric vacuum
In this section we shall review the quantization of bosonic closed string theory with the
asymmetric vacuum choice [6]. The classical theory is the same as ordinary string theory
[18, 19]. For example the mode expansion is given by
XµL(z¯) = X
µ
0L − i
α′
2
PµL log z¯ +
√
α′
2
∑
n 6=0
i
n
αµnz¯
−n ,
XµR(z) = X
µ
0R − i
α′
2
PµR log z +
√
α′
2
∑
n 6=0
i
n
αµnz
−n . (2.1)
Note that the left/right zero modes are treated as two independent operators even for the
non-compact Minkowskian target spacetime. However the eigenvalues of the operators PµL
and PµR in non-compact spacetime coincide, k
µ
L = k
µ
R = k
µ.
Quantization assumes the ordinary canonical commutation relation
[Xµ(τ, σ),Πν(τ, σ′)] = i ηµνδ(σ − σ′) , (2.2)
where Πµ(τ, σ) is the conjugate momenta of Xµ(τ, σ)
Πµ(τ, σ) =
1
2πα′
∂τX
µ(τ, σ) , (2.3)
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and their harmonic modes satisfy the usual commutation relations[
α¯µm, α¯
ν
n] = δm+n,0η
µν ,
[
αµm, α
ν
n
]
= mδm+n,0η
µν ,[
Xµ0L , P
ν
L
]
= iηµν ,
[
Xµ0R , P
ν
R
]
= iηµν .
(2.4)
In the conventional string theory, the left and right vacuum states are defined sym-
metrically
αm|0〉R = 0 , α¯m|0〉L = 0 , for m > 0 . (2.5)
Twisted strings, on the other hand, are constructed with the asymmetric vacuum
αm|0〉R = 0 , α¯−m|0〉L = 0 ,
PR|0〉0R = 0 , 0L〈0|PL = 0 ,
for m > 0 . (2.6)
This can be written more compactly as
αm|0〉R = 0 , 0L〈0| α¯m = 0 for m ≥ 0 , (2.7)
where αµ0 =
√
α′
2 P
µ
R and α
µ
0 =
√
α′
2 P
µ
L .
In order to have a consistent quantization, this vacuum choice has to be complemented
with the backward time ordering for the left sector
TR
[
B(zj)A(zi)
]
= A(zi)B(zj) ,
TL
[
A¯(z¯i)B¯(z¯j)
]
= B¯(z¯j)A¯(z¯i) ,
for |zi| > |zj | . (2.8)
The normal ordering prescription for the oscillators, which is compatible with the time
ordering, is to pull all αµn and α
µ
−n with n > 0 to the right, for example
:αmα−nαp: = α−nαmαp and :αmα−nαp: = αmαpα−n , for m,n, p > 0 . (2.9)
Having established the prescription one can compute the two point correlation function
〈
0
∣∣T [Xµ(zi, z¯i)Xν(zj , z¯j)]∣∣0〉 = −α′
2
ηµν log
(zi − zj
z¯i − z¯j
)
. (2.10)
Notice that the above prescription and definitions lead to a two point function which is
translation invariant as expected.
The physical states |phys〉 satisfy the Virasoro constraint
〈phys|Tab|phys〉 = 0 . (2.11)
The zero mode of the Virasoro generator is expressed as
L0 =
1
2
α20 +N − 1 ,
L0 =
1
2
α20 − N¯ + 1 ,
(2.12)
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where N and N¯ are the level operators
Nˆ =
∞∑
n=1
: αµ−nα
ν
nηµν : ,
ˆ¯N = −
∞∑
n=1
: α¯µnα¯
ν
−nηµν : .
(2.13)
We assume that L0 acts to the right, but because of the presence of P
µ
L in L0, this acts
to the left. Then, the physical conditions should be imposed on the full matrix elements
(2.11). For instance,
〈phys|L0|phys〉 ± 〈phys|L0|phys〉 = 0 . (2.14)
They imply the level-matching constraint
N + N¯ = 2, (2.15)
and the mass-shell condition, pµp
µ = −M2, with
M2 =
4
α′
(N − 1) = 4
α′
(−N¯ + 1) . (2.16)
Therefore, the level-matching constraint allows only 3 spin-2 fields.
Additionally, the Virasoro constraint puts restrictions on the Hilbert space
〈phys|Lm|phys〉 = 0 , 〈phys|Lm|phys〉 = 0 . (2.17)
For this vacuum choice it is sufficient to demand
Lm|phys〉 = 0 m > 0 , (2.18)
〈phys|Lm = 0 m > 0 .
The physical string spectrum at the critical dimension D = 26 is summarized in Table 1.
In order to have a positive norm gravity sector, the vacuum state |0〉 must be a negative
norm state
〈0|0〉 < 0 . (2.19)
N N¯ M2 state gauge condition norm
1 1 0 ǫµνα
µ
−1α
ν
+1|0, k〉 kµǫµν = kνǫµν = 0 +1
2 0 + 4α′ aµνα
µ
−1α
ν
−1|0, k〉 kµaµν = aµµ = 0 −1
0 2 − 4α′ aµναµ+1αν+1|0, k〉 kµaµν = aµµ = 0 −1
Table 1. Spectrum satisfying the Virasoro conditions.
A crucial difference of the asymmetric vacuum choice with respect to ordinary string
theory is that upon quantization, a point particle nature emerges. This distinguishing
feature was confirmed in the scattering amplitude and one-loop partition function compu-
tations [6].
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3 Quantizing closed twisted string theory on M × S1
Unlike the conventional closed string theory quantization, the mass spectrum of the twisted
string on a flat Minkowskian spacetime comprises three spin-2 fields: the massless sector of
ordinary string theory plus two additional ghost fields. Here we shall consider the canonical
quantization of the twisted string compactified on a circle. We adopt the same quantization
scheme as for non-compact twisted strings reviewed in the previous section. For a brief
discussion on the quantization of closed twisted string theory on M × S1 see [7].
3.1 The spectrum with the asymmetric vacuum
In ordinary string theory compactified on a circle, besides the KK modes, additional wind-
ing modes arise. Since the classical configuration of the string does not depend on the
choice of the vacuum, the mode expansion of Xµ(τ, σ) is identical to the mode expansion
of ordinary string theory on a circle. In the previous section we treated the left/right
zero mode operators, PµL/R and X
µ
0L/R, as two independent operators with the same
eigenvalue kµ. In contrast, for the S1 compactification, the physical states depend on
KAL = (k
µ, k25L ), K
A
R = (k
µ, k25R ) and (x
µ,X250L,X
25
0R), where A is the SO(1, 25) index which
runs A = 0, 1, 2, . . . , 25. Here, µ, ν, . . . indices denote the non-compact directions, and 25th
direction denotes the circle direction.
The level operators are identical to the non-compact case,
Nˆ =
∞∑
n=1
(
: αµ−nα
ν
nηµν : + : α
25
−nα
25
n :
)
,
ˆ¯N = −
∞∑
n=1
(
: α¯µnα¯
ν
−nηµν : + : α¯
25
n α¯
25
−n :
)
.
(3.1)
The Virasoro operators can be recast as
L0 =
α′
4
p2 +
α′
4
p2R + Nˆ − 1 , (3.2)
L¯0 =
α′
4
p2 +
α′
4
p2L − ˆ¯N + 1 .
The physical conditions as in (2.11) and (2.14) imply the level-matching constraint
N + N¯ − nω − 2 = 0 , (3.3)
and the mass-shell condition
M2 =
n2
R2
+
ω2R2
α′2
+
2
α′
(N − N¯) . (3.4)
A direct consequence of (3.3) is that N and N¯ can be any positive integers if nω > 0. For
n = ω = 0 there are only 3 solutions as in the non-compact space. However, if n 6= 0 or
ω 6= 0, there are infinitely many solutions. T-duality invariance of the spectrum follows
from the level-matching condition (3.3) and mass formula (3.6) [7],
n→ w, w → n , R→ α
′
R
. (3.5)
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A remarkable feature of the twisted string compactified on S1 is that it contains mass-
less higher-spin states even away from the self dual radius R = α
′
R =
√
α′ [7]. Adding and
subtracting (3.3) and (3.4), we have
M2 =
( n
R
− wR
α′
)2
− 4
α′
+
4
α′
N , (3.6)
M2 =
( n
R
+
wR
α′
)2
+
4
α′
− 4
α′
N¯ . (3.7)
Setting M2 = 0 and using R = r
√
α′, (3.6) and (3.7) reduce to
N = 1− 1
4
(n
r
− wr
)2
,
N¯ = 1 +
1
4
(n
r
+ wr
)2
.
(3.8)
The first equation of (3.8) implies that the massless fields can only have the values N = 0
or N = 1. For each value of N we get a relation constraining the values of n and w, and
N¯ is determined from the second equation of (3.8). We summarize the result in table 2.
N N¯ n, w
0 1 + (wr ± 1)2 n = wr2 ± 2r
1 1 + w2r2 n = wr2
Table 2. Massless spectrum
Note that the number of massless modes depends on the value of r. It is possible to
generate various string theories with different field content by tuning the value of r. For
instance, when r is a rational number, infinitely many higher-spin fields arise. Another
interesting case is when r is given by the following particular form
r =
√
y + x , x−1 ∈ Z , y ∈ Q+ , but √y /∈ Q+ , (3.9)
where Q+ is the set of positive rational numbers. In this case, the massless condition (3.8)
reduces to
• N = 0,
x = ∓ 1
w
, n = ±x+ wy , N¯ = 2 + wn , (3.10)
• N = 1
n = 0 , w = 0 , N¯ = 1 . (3.11)
Therefore, the N = 1 sector provides the usual massless NSNS sector spectrum, and the
N = 0 sector gives an additional massless higher-spin field depending on the value of y.
For example, the spectrum for r =
√
2 ± 1 contains two positive norm massless spin
three states a¯iµνρ, i = 1, 2, for (w,n) = (1, 1) and (w,n) = (−1,−1) and the ordinary NSNS
massless states gµν , Bµν , φ. Notice that for r =
√
y+x, unlike at the points where infinitely
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many massless fields arise, the infinite tension limit α′ → 0 is under control, because there
is a finite number of massless states. We can generalize this to arbitrary higher spin fields
by tuning the value y appropriately, and the α′ → 0 limit provides a single massless higher
spin field together with massless NSNS fields. Therefore, the circle radius r is a tuning
parameter which controls the low energy effective field theory.
One of the important issues is the existence of ghost modes. In general the sign of the
the norm of each state is determined by the number of left oscillators. A generic state is
constructed as
α¯N¯11 α¯
N¯2
2 α¯
N¯3
3 · · · α¯N¯nn |0〉 . (3.12)
Because of the definition of the vacuum (2.7) and (2.19), if the total number of left moving
creation operators, N¯1+ N¯2+ · · ·+ N¯n, is even (odd), then the norm is negative (positive).
Let us present the first few massless states with non-vanishing momentum and winding
modes at the self-dual radius, r = 1.
• N + N¯ = 1 (nw = −1)
N = 0 , N¯ = 1 , n = ±1 , w = ∓1 , positive norm (3.13)
• N + N¯ = 2 (nw = 0)
N = 0 , N¯ = 2 , n = ±2 , w = 0 , negative norm
N = 0 , N¯ = 2 , n = 0 , w = ±2 , negative norm (3.14)
• N + N¯ = 3 (nw = 1)
N = 1 , N¯ = 2 , n = ±1 , w = ±1 , negative norm (3.15)
• N + N¯ = 5 (nw = 3)
N = 0 , N¯ = 5 , n = ±3 , w = ±1 , positive norm
N = 0 , N¯ = 5 , n = ±1 , w = ±3 , positive norm (3.16)
• N + N¯ = 6 (nw = 4)
N = 1 , N¯ = 5 , n = ±2 , w = ±2 , positive norm . (3.17)
In general the massless states are given by
For N = 0 ,
|0, N¯ , kµ, kL, kR〉 = a¯B1,B2,··· ,Bn
(
α¯B11
)N¯1(α¯B22 )N¯2 · · · (α¯Bnn )N¯n |0, 0, kµ, kL, kR〉 ,
for N = 1 ,
|1, N¯ , kµ, kL, kR〉 = ǫA,B1,B2,...,BnαA−1
(
α¯B11
)N¯1(α¯B22 )N¯2 · · · (α¯Bnn )N¯n |0, 0, kµ, kL, kR〉 ,
(3.18)
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where a¯B1,B2,··· ,Bn and ǫA,B1,B2,...,Bn are polarization tensors, and |0, 0, kµ, kL, kR〉 is the
ground state satisfying
pµ|0, 0, kµ, kL, kR〉 = kµ|0, 0, kµ, kL, kR〉 ,
α250 |0, 0, kµ, kL, kR〉 = kR|0, 0, kµ, kL, kR〉 ,
α¯250 |0, 0, kµ, kL, kR〉 = kL|0, 0, kµ, kL, kR〉 .
(3.19)
3.2 Physical state conditions
Since the physical states should be invariant under the worldsheet diffeomorphism, we have
to demand the physical state conditions on the Hilbert space
〈phys|Lm|phys〉 = 0 , 〈phys|L¯m|phys〉 = 0 . (3.20)
In usual string theory it is enough to demand Lm|phys〉 = 0 and L¯m|phys〉 = 0 for m > 0.
Here, due to the different vacuum choice, we impose the following conditions, which are
compatible with (3.20),
Lm|phys〉 = 0 m > 0 , (3.21)
〈phys|L¯m = 0 m > 0 .
The asymmetric vacuum choice affects only the overall sign of the physical state condition.
Thus, the physical state condition for twisted strings can be regarded as in ordinary string
theory. Constructing physical higher spin states has been studied in the literature [22, 23].
Here we list the tensor representations of the first few physical states:
• N , N¯ = 1
(3.22)
• N , N¯ = 2
(3.23)
• N , N¯ = 3
, (3.24)
• N , N¯ = 4
, , , • (3.25)
• N , N¯ = 5
, , , , , (3.26)
• N , N¯ = 6
, , , , ,
, , , 2 , , •
(3.27)
These will be extensively used in section 5 to count the physical degrees of freedom.
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4 Enhanced gauge symmetry for the asymmetric vacuum
One of the important stringy features in circle compactification of closed string theory is
the gauge symmetry enhancement at the self dual radius. In this section, we will introduce
vertex operators for the massless states and examine the enhanced gauge symmetry by
analyzing the current algebra for the asymmetric vacuum choice.2
4.1 Vertex operators for massless states
In usual string theory, massless states with nonzero KK momentum or winding number
at the self dual radius arise only for N = 0, 1 and N¯ = 0, 1. In twisted string theory, in
contrast with (A.7), the massless states fulfill the relations (3.8), which at the self dual
point read
kL = ± 2√
α′
(N¯ − 1) 12 ,
kR = ± 2√
α′
(1−N) 12 .
(4.1)
The right sector is the same as in (A.7), N = 0 or 1, but N¯ is now unbounded above.
This implies that there are infinitely many massless higher spin states coming from the
left sector excitations. Furthermore, at the self dual radius r = 1, kL and kR should be
proportional to integers
kL =
( n
R
+
wR
α′
)
R→
√
α′
=
1√
α′
(n+ w) =


1√
α′
(
2w ± 2) if N = 0
1√
α′
2w if N = 1
,
kR =
( n
R
− wR
α′
)
R→
√
α′
=
1√
α′
(n− w) =

±
2√
α′
if N = 0
0 if N = 1
.
(4.2)
From the operator-state mapping, one can identify the physical states as
|0, 0, kµ, kL, kR〉 ∼= : ei(kµXµ+kLXL+kRXR) : ,
αA−m → i
( 2
α′
) 1
2 1
(m− 1)!∂
mXA , m ≥ 1 ,
α¯Am → i
( 2
α′
) 1
2 1
(m− 1)! ∂¯
mXA , m ≥ 1 .
(4.3)
Here XA is decomposed into the external and compact directions as follows:
XAR/L = {XµR/L,XR/L} . (4.4)
Then the vertex operators for a generic massless states at the self dual radius in (3.18) are
given by
For N = 0 ,
a¯B1B2···Bn :
(
∂¯XB1L
)N¯1(∂¯2XB2L )N¯2 · · · (∂¯nXBnL )N¯nei(kµXµ+kLXL+kRXR) : ,
for N = 1 ,
ǫA,B1B2...Bn :
(
∂XAR
)(
∂¯XB1L
)N¯1(∂¯2XB2L )N¯2 · · · (∂¯nXBnL )N¯nei(kµXµ+kLXL+kRXR) : .
(4.5)
2In Appendix A, we briefly summarize the circle compactification of the usual string theory.
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Now let us consider the internal part of the vertex operators to study the current
algebra. If we ignore the external contributions in (4.5), the generic form of the internal
part of the vertex operators for massless states or currents are
V{0,(N¯1,N¯2...N¯n)} ∼ :
(
∂¯XL
)N¯1(∂¯2XL)N¯2 · · · (∂¯nXL)N¯nei(kLXL+kRXR) : ,
V{1,(N¯1,N¯2...N¯n)} ∼ :
(
∂XR)
(
∂¯XL
)N¯1(∂¯2XL)N¯2 · · · (∂¯nXL)N¯nei(kLXL+kRXR) : , (4.6)
where N¯ =
∑
n nN¯n. The currents up to N¯ = 2 are listed in Table 3. The currents in (4.6)
are factorized into the left and right sectors
V{N,(N¯1,N¯2...N¯n)}(z, z¯) = V
(N)
R (z)V
(N¯1,N¯2...N¯n)
L (z¯) , N = 0, 1 (4.7)
where
V
(N)
R (z) = (
2i√
α′
)N :
(
∂XR)
NeikRXR : =

: e
± 2i√
α′XR : N = 0
( i√
α′
)∂XR N = 1
,
V
(N¯1,N¯2...N¯n)
L (z¯) ∼ :
(
∂¯XL
)N¯1(∂¯2XL)N¯2 · · · (∂¯nXL)N¯neikLXL : ,
(4.8)
and kL and kR satisfy (4.2).
Let us introduce SU(2)L/R currents (A.9) which are defined as in usual string theory,
J±L/R = : exp
(
± 2i√
α′
XL/R(z)
)
: , J3L/R = : (
i√
α′
)∂XL/R(z) : . (4.9)
For the twisted string case, the right current is identical to the usual case. The left current
is much more involved than its counterpart in ordinary string theory. Unfortunately, the
full structure of the currents is immensely complicated than the conventional string theory.
For simplicity, we want to focus on a particular set of internal current generators defined
as
G(a,b)(z¯) = :
(
J3L(z¯)
)a
exp
(
i
2b√
α′
XL(z¯)
)
: . (4.10)
These correspond to the states constructed only with α¯251(
α¯251
)a|0, kL〉L . (4.11)
The norm of the right currents is always positive, since there is no difference with the
ordinary string theory. As we discussed in the previous section for the left currents the
norm depends on the number of creation operators. In the case of (4.11) if a is even (odd),
then the norm is negative (positive).
Now we construct the full vertex operators containing the internal current generators
(4.10). According to the value of N and the number of legs in the internal direction , there
are three independent classes
V
(a,b,±)
{0,n} =
( 2i√
α′
)n−a
a¯
(a,b,±)
25 25 ···25µ1µ2...µ(n−a) ∂¯X
µ1 ∂¯Xµ2 · · · ∂¯Xµ(n−a)eikµxµG(a,b)J±R
:=
( 2i√
α′
)n−a
a¯(a,b,±)µ1µ2...µ(n−a) ∂¯X
µ1 ∂¯Xµ2 · · · ∂¯Xµ(n−a)eikµxµG(a,b)J±R ,
(4.12)
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V
(a,b,1)
{1,n} = 2
( 2i√
α′
)n−a
ǫ
(a,b,1)
25,25 25...25 ν1ν2...ν(n−a) ∂¯X
ν1 ∂¯Xν2 · · · ∂¯Xν(n−a)eikµxµG(a,b)J3R
:= 2
( 2i√
α′
)n−a
ǫ¯(a,b)ν1ν2...ν(n−a) ∂¯X
ν1 ∂¯Xν2 · · · ∂¯Xν(n−a)eikµxµG(a,b)J3R ,
(4.13)
and
V
(a,b,0)
{1,n} =
( 2i√
α′
)n−a+1
ǫ
(a,b,0)
µ,25 25...25 ν1ν2...ν(n−a)∂X
µ∂¯Xν1 ∂¯Xν2 · · · ∂¯Xν(n−a)eikµxµG(a,b)
:=
( 2i√
α′
)n−a+1
ǫ(a,b)µ,ν1ν2...ν(n−a)∂X
µ∂¯Xν1 ∂¯Xν2 · · · ∂¯Xν(n−a)eikµxµG(a,b) ,
(4.14)
where a¯
(a,b)
µ1µ2..., ǫ
(a,b)
µ,ν1ν2... and ǫ¯
(a,b)
µ1µ2... are polarization tensors for each class. We list the first
few levels of massless vertex operators in table 3. All the XL and XR contributions have
been replaced with the internal currents, G(a,b) and JR.
By definition, the polarization tensors satisfy the following symmetry properties:
a¯(a,b)µ1µ2...µn = a¯
(a,b)
(µ1µ2...µn)
, ǫ(a,b)µ,ν1ν2...νn = ǫ
(a,b)
µ,(ν1ν2...νn)
, ǫ¯(a,b)µ1µ2...µn = ǫ¯
(a,b)
(µ1µ2...µn)
. (4.15)
They can be interpreted as massless higher-spin fields in the effective field theory point of
view. There are a lot of unclear points about their physical properties in this context, such
as the no-go theorems for higher-spin theories on a flat background and the higher-spin
gauge symmetries [24].
4.2 OPE and current algebra
Before discussing the current algebra and gauge symmetry enhancement, let us first review
the OPE calculation. For computing the OPE, the only necessary information is the two-
point correlator. For twisted string theory, the right and left correlators are given by
[3, 6]
DR(z12) = −α
′
2
log(z12) ,
DL(z¯12) = +
α′
2
log(z¯12) ,
(4.16)
where z12 = z1− z2 and z¯12 = z¯1− z¯2. Using these correlators, the left and right OPEs are
given by
XMR (z1)X
N
R (z2) = η
MNDR(z12)+ : X
N
RX
M
R (z2) : +
∞∑
k=1
1
k!
(
z12
)k
: XNRX
M
R (z2) : ,
XML (z¯1)X
N
L (z¯2) = η
MNDL(z¯12)+ : X
N
L X
M
L (z¯2) : +
∞∑
k=1
1
k!
(z¯12)
k : XNL X
M
L (z¯2) : .
(4.17)
Then, for arbitrary operators F and G, the general formula of the OPE for the right
sector is
: FR : : GR : = exp
( ∫
dz1dz2 DR(z12)
δF
δFXMR (z1)
δG
δGXRM (z2)
)
: FR GR : , (4.18)
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Level Vertex Operator Classification
N = 0
N¯ = 1
( i√
α′
)a¯
(0,0,±)
µ ∂¯XµJ
±
R ✷
a¯(1,0,±)G(1,0)J±R ★
N = 1
N¯ = 1
( i√
α′
)2ǫ
(0,0)
µ,ν ∂¯Xµ∂Xν
( i√
α′
)ǫ¯
(0,0)
µ ∂¯XµJ3R ✷
( i√
α′
)ǫ
(1,0)
µ ∂XµG(1,0)
ǫ¯(1,0)G(1,0)J3R ★
N = 0
N¯ = 2
( i√
α′
)2a¯
(0,±1,±)
µν ∂¯Xµ∂¯XνG(0,±1)J±R ♣
( i√
α′
)a¯
(1,±1,±)
µ ∂¯XµG(1,±1)J±R ♠
a¯(2,±1,±)G(2,±1)J±R ✟
N = 1
N¯ = 2
( i√
α′
)3ǫ
(0,±1)
µ,νρ ∂Xµ∂¯Xν ∂¯XρG(0,±1)
( i√
α′
)2ǫ
(1,±1,0)
µ,ν ∂Xµ∂¯XνG(1,±1)
( i√
α′
)ǫ
(2,±1,0)
µ ∂XµG(2,±1)
( i√
α′
)2ǫ¯
(0,±1)
µν ∂¯Xµ∂¯XνG(0,±1)J3R ♣
( i√
α′
)ǫ¯
(1,±1)
µ ∂¯XµG(1,±1)J3R ♠
ǫ¯(2,±1)G(2,±1)J3R ✟
...
...
...
Table 3. 25-dimensional massless spectrum, asymmetric vacuum at the self dual point R =
√
α′.
and for the left sector is
: FL : : GL : = exp
( ∫
dz¯1dz¯2 DL(z¯12)
δF
δFXML (z¯1)
δG
δGXLM (z¯2)
)
: FL GL : . (4.19)
Since the right correlator is the same as the usual one, the OPE for the right sector coincides
with the one presented in Appendix A. However, the left OPE gets significantly modified
due to the sign difference in the left correlator. For instance, the OPE between two left
exponential operators, : exp(ikLXL(z¯1) : and : exp(ik
′
LXL(z¯2)) : , can be computed using
(4.19) (cf. equation (A.13))
: exp(ikLXL(z¯1) : : exp(ik
′
LXL(z¯2)) : ∼
p<2mn∑
p=0
:
1
p!
∂
(p)
z¯2
(
exp
(
ikLXL(z¯2)
))
exp
(
ik′LXL(z¯2)
)
:
(
z¯12
)p−2mn
.
(4.20)
Now let us move on to the gauge symmetry enhancement by considering the cur-
rent algebra. The right currents and their OPEs are exactly the same as in the ordinary
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case, see Appendix A. In order to exhibit the adjoint representation of SU(2)R explicitly,
{J±L/R, J3L/R} we have made the pairing using some symbols in table 3. For a given N¯ ,
each pairing forms a multiplet with respect to the noncompact Lorentz group SO(1, 24)
and SU(2)R. For example the ✷-pairing corresponds to the vector multiplet with N¯ = 1
( i√
α′
)a¯
(0,0,±)
µ ∂¯XµJ
±
R , (4.21)
( i√
α′
)ǫ¯
(0,0)
µ ∂¯XµJ3R ,
which transform in the adjoint representation of the SU(2)R group as in the usual circle
compactification. As another example, we can pick up the ♠-pairing which forms a vector
multiplet with N¯ = 2
(
i√
α′
)a¯(1,±1,±1)µ ∂¯X
µG(1,±1)J±R (4.22)
(
i√
α′
)a¯(1,±1,3)µ ∂¯X
µG(1,±1)J3R .
While the latter pairing also forms an SU(2)R triplet, J
±
R and J
3
R, in addition, these vectors
contain the left currents, G(1,±1).
Next we develop the OPE for the left currents. To this end we compute the OPE
between G(1,0) and G(1,±1) defined in (4.10)
G(1,0)(z¯) =
i√
α′
: ∂z¯XL(z¯) : ,
G(1,±1)(z¯) =
i√
α′
: ∂z¯XL exp
(
± 2i√
α′
XL(z¯)
)
:
= ±1
2
∂z¯
[
: exp
(
± 2i√
α′
XL(z¯)
)
:
]
.
(4.23)
Note that these currents can be written in the exact form, ∂z¯(· · · ). Then the OPEs between
these generators are
G(1,0)(z¯1)G
(1,0)(z¯2) = − 1
2z¯212
,
G(1,0)(z¯1)G
(1,±1)(z¯2) = − 1
2z¯212
G(0,±1)(z¯2)∓ 1
z¯12
G(1,±1)(z¯2) ,
G(1,±1)(z¯1)G(1,±1)(z¯2) ∼ −1
2
∂z¯1∂z¯2
[− 1
2z¯212
G(0,±2)(z¯2)∓ 1
z¯12
G(1,±2)(z¯2)
]
,
G(1,+1)(z¯1)G
(1,−1)(z¯2) ∼ regular terms ,
(4.24)
where we have used (A.10), (4.20) and the left Green function (4.16). Obviously, this
algebra is not closed over the massless states as in ordinary string theory. Even though
we started from G(1,0) and G(1,±1) only, the new currents G(0,1) and G(0,±2) arise on the
right-hand side of (4.24). These new currents appear in some massive states. Thus the
OPE between massless states may generate massive states, and massive and massless states
get mixed. From this fact we can conclude that the enhancement of the gauge symmetry
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occurs in a completely different manner compared to usual string theory, where there is
no mixing among the massless states and the massive ones. If there were enhancement of
the gauge symmetry in twisted string theory, massive and massless generators would be
involve in it. At this level it is not clear what is the left current algebra. To figure out the
full structure of the algebra, all the currents should be considered .
Nevertheless, we can find a closed gauge algebra for the zero mode sector of (4.24)
(QFT approximation). After expanding the currents as in the appendix A,
G(a,b)(z¯) =
∞∑
m=−∞
g
(a,b)
m
z¯m+1
⇒ g(a,b)m =
1
2πi
∫
γ
dz¯z¯mG(a,b)(z¯) , (4.25)
from (4.24) we get the infinite dimensional current algebra
[
g(1,0)m , g
(1,0)
n
]
= −m
2
δ0,m+n (4.26)[
g(1,0)m , g
(1,±1)
n
]
= −1
2
m g(0,±1)m ∓ g(1,±1)m+n[
g(1,+1)m , g
(1,+1)
n
]
=
mn
4
(
g
(0,+2)
m+n−3 + 2ig
(1,+1)
m+n−2
)
[
g(1,−1)m , g
(1,−1)
n
]
=
mn
4
(
g
(0,−2)
m+n−3 − 2ig(1,−1)m+n−2
)
[
g(1,+1)m , g
(1,−1)
n
]
= 0 .
For the zero mode component of this algebra we have
[
g
(1,0)
0 , g
(1,±1)
0
]
= ∓g(1,±1)0 (4.27)[
g
(1,+1)
0 , g
(1,−1)
0
]
= 0 .
This is a well known Lie algebra, called the group contraction algebra [25]. In this case, it
is nothing but the contraction of the so(3) algebra.
If we consider fields up to N¯ = 2 with N = 0 , 1 3 we can identify the enhanced gauge
group as ISO(2)L × SU(2)R. The corresponding algebra is
su(2)L × su(2)R ∼ so(3)L × su(2)R contract−−−−−→ iso(2)L × su(2)R . (4.28)
Note that the gauge symmetry of the effective field theory is determined by the zero mode
sector of the current algebra. Hence, even though the full current algebra is not clear,
the gauge symmetry of the effective field theory, which is associated with the zero mode
generators only, contains the ISO(2)L × SU(2)R subgroup.
There are several open questions regarding this gauge symmetry enhancement realiza-
tion. For instance the vector fields (4.22) have the unusual structure a¯abµ τ
a
Lτ
b
R, being τ
a
L
and τ bR the generators in each group. Regarding these fields as gauge fields is unclear and
needs further exploration.
3Since at the self dual point there are infinite many massless fields it is not clear what is the mechanism
that allows this truncation.
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5 The partition function
It is interesting to see how the above results in the canonical approach can be applied
to the partition function analysis. The partition function for this string theory on a flat
non compact space was already presented in [6]. Before continuing we want to make some
comments about the absence of modular invariance 4 For a review of the calculation of the
partition function see Appendix B.
In usual bosonic string theory the modular invariance is achieved, because the left
and the right contribution to the partition function Z(τ, τ¯) can be written in terms of
the Dedekind function. The Dedekind function transforms properly under τ → τ + 1 and
τ → − 1τ in such a way that
Z =
∫
dτdτ¯
τ2
Z(τ, τ¯ ) (5.1)
is invariant. Due to this invariance the integration over the moduli space is performed on
the fundamental domain. The Dedekind function, on the one hand, is defined over the
upper half plane τ = τ1 + iτ2 for τ2 > 0 by
η(τ) = q
1
24
∞∏
k=1
(1− qk), (5.2)
where q = e2piiτ . Alternatively, one can use the Euler generating function to write the
Dedekind function as
η(τ)−1 = q−
1
24
1∏∞
k=1(1− qk)
= q−
1
24
∞∑
n=0
p(n)qn, (5.3)
where p(n) are the number of partitions for each level. This chain of equalities in (5.3)
exists, because the infinite product and series converge in the upper half plane.
On the other hand, in the calculation of Z(τ, τ¯) for the asymmetric vacuum one finds
that the right moving contribution is the usual one as in ordinary string theory. However,
the left moving contribution is proportional to
∞∑
n=0
p(n)e2piinτ¯ . (5.4)
The expression (5.4) looks similar to the Dedekind function (5.3), however we should be
careful with this identification. Noticed that (5.4) is defined over the lower half plane
τ¯ = τ1 − iτ2 for τ2 > 0. As a consequence (5.4) should be regarded as a formal expression
since the series over the lower half plane does not converge. For obtaining the modular
properties of the Dedekind function (5.3) the convergence of the series is an indispensable
requirement. It is also well known that the Dedekind function does not admit any analytical
extension to the lower half plane.
4In [7, 26] was suggested that a complexification of the moduli (τ1, τ2) → (ξ1, ξ2) ∈ C
2 complemented
with an appropriated integration cycle choice could restore the modular invariance. In this case the physical
interpretation is obscure but Z(ξ1, ξ2) certainly would be convergent.
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Now let us consider the partition function for the S1 compactification. The partition
function takes a form similar to (B.4). The only difference is in the zero mode components
of the momenta, i.e.
Z(τ) = e−4piiτ1 (5.5)
TrR0
[
e+piiτ(α
2
0+
1
2
Pˆ 2R)
]
TrR
[
e+2piiτNˆB
]
TrR
[
(−1)F c0b0e+2piiτNˆg
]
TrL0
[
e−piiτ(α¯
2
0+
1
2
Pˆ 2
L
)
]
TrL
[
e−2piiτNˆB
]
TrL
[
(−1)F c0b0e−2piiτNˆg
]
.
After tracing over each Hilbert space we get
Z(τ) =
∫
d25k
(2π)25
e−piτ2α
′k2
∑
n,ω
[
e−piτ2(
α′
R2
n2+R
2
α′ ω
2)
× e−2pii(nω+2)τ1
[ ∞∑
N=0
P
(
N
)(
e2piiτ
)N]24[ ∞∑
N=0
P
(
N
)(
e2piiτ
)N]24
.
(5.6)
Note that the integration along the circle direction, k25, is replaced by the summation over
the momentum n and winding number w.
As we showed in section 3, infinitely many states arise due to the winding modes.
Interestingly enough, the one-loop partition function encodes this information, and one
can single out the contribution of a given n and w from the partition function
Zn,w(τ) =
∫
d25k
(2π)25
e−piτ2α
′k2e−piτ2
(
α′
R2
n2+R
2
α′ ω
2
)
e−2pii(nω+2)τ1
×
[ nω+2∑
N=0
P
(
N
)(
e2piiτ
)N]24[ nω+2∑
N=0
P
(
N
)(
e2piiτ
)N]24
.
(5.7)
Then the total one loop partition function can be recast as a sum over all the possible
momentum and winding numbers
Z(τ) ∼
∑
n,w
nω+2≥0
Zn,w(τ) . (5.8)
As explained before, this partition function is not modular invariant [6]. Thus, one can
perform the integration along the τ1 direction explicitly,
Zn,w(τ2) =
∫ 1
2
− 1
2
dτ1 Zn,w(τ) , (5.9)
and compare with the corresponding field theory partition function.
In the following subsections, we will explicitly examine the correspondence between
the field theory and string theory partition functions for the first few levels.
5.1 n = 0 or w = 0
In this case, the level matching constraint is equivalent to the non-compact spacetime case
(A.6),
N + N¯ = 2 . (5.10)
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Since the results between n = 0 and w = 0 are almost identical, we focus only on the n = 0
case. There are three types of states that satisfy the level matching constraint:
1. N = 0 , N¯ = 2 , M2 =
1
α′
n2
r2
− 4
α′
,
∣∣∣ψN+N¯=2(0,2) 〉 ,
2. N = 1 , N¯ = 1 , M2 =
1
α′
n2
r2
,
∣∣∣ψN+N¯=2(1,1) 〉 ,
3. N = 2 , N¯ = 0 , M2 =
1
α′
n2
r2
+
4
α′
,
∣∣∣ψN+N¯=2(2,0) 〉 .
(5.11)
Note that the first state becomes massless for n = 2 at the self-dual radius, r = 1.
The first and third states are represented by the traceless symmetric rank 2 tensor of
the SO(D − 1) little group. It is encoded by the Young tableau∣∣∣ψN+N¯=2(0,2) 〉 : • ⊗ ,∣∣∣ψN+N¯=2(2,0) 〉 : ⊗ • . (5.12)
The number of degrees of freedom for each state is given by the dimension of the Young
tableau,
dim
[ ]
=
(D + 1)(D − 2)
2
. (5.13)
The second state is represented by
⊗ (5.14)
where the grey box denotes the SO(D − 2) representation of the little group which is
relevant to the massless states. As in the open string, the level 1 state, N = 1 or N¯ = 1,
corresponds to the massless vector boson. Therefore, a single box state always comes with
a SO(D − 2) representation. The dimension of the state (5.14) is given by
dim
[
⊗
]
= (D − 2)× (D − 2) . (5.15)
Combining (5.13) and (5.15) and using the QFT definition of the partition function,
Z(s) =
∫
dD−1k
(2π)(D−1)
e−sk
2
∑
i
die
−m2i s (5.16)
with degeneracy di given by the dimension of the representations, we have
Zn,0(τ2) =
∫
dD−1k
(2π)(D−1)
e−piτ2α
′k2
[
(D − 2)2e−
pin2τ2
r2
+
(D − 2)(D + 1)
2
(
e−
pin2τ2
r2
−4piτ2 + e4piτ2−
pin2τ2
r2
) ]
,
(5.17)
here, s = πα′τ2 is Schwinger parameter. On the other hand, using the twisted string
partition function (5.7) with (5.9) at the critical dimension D = 26 we get
Zn,0(τ2) =
∫
d25k
(2π)25
e−piτ2α
′k2
[
576e−
pin2τ2
r2 + 324e−
pin2τ2
r2
−4piτ2 + 324e4piτ2−
pin2τ2
r2
]
. (5.18)
These two partition functions have been computed using different definitions. Never-
theless it is remarkable that they coincide for D = 26. In what follows we will see this
correspondence level by level.
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5.2 n = ±1 and w = ±1
In this case, the level matching constraint is given by N + N¯ = 3, and there are 4 states
1. N = 0 , N¯ = 3 , M2 =
1
α′
(
r +
1
r
)2
− 6
α′
,
∣∣∣ψN+N¯=3(0,3) 〉 ,
2. N = 1 , N¯ = 2 , M2 =
1
α′
(
r +
1
r
)2
− 4
α′
,
∣∣∣ψN+N¯=3(1,2) 〉 ,
3. N = 2 , N¯ = 1 , M2 =
1
α′
(
r +
1
r
)2
,
∣∣∣ψN+N¯=3(2,1) 〉 ,
4. N = 3 , N¯ = 0 , M2 =
1
α′
(
r +
1
r
)2
+
4
α′
,
∣∣∣ψN+N¯=3(3,0) 〉 .
(5.19)
As we observed in (3.15), at the self-dual radius r = 1, the second state
∣∣∣ψN+N¯=3(1,2) 〉 becomes
massless.
The first and the last states in (5.19) have the following tensor representations of the
SO(D − 1) little group,
∣∣∣ψN+N¯=3(0,3) 〉 : • ⊗( + ) , (5.20)
and ∣∣∣ψN+N¯=3(3,0) 〉 : ( + )⊗ • . (5.21)
The number of states of each irreducible representation is
dim
[ ]
=
(D + 3)(D − 2)(D − 1)
6
, dim
[ ]
=
(D − 1)(D − 2)
2
. (5.22)
The number of degrees of freedom for the other states is
d.o.f
( ∣∣∣ψN+N¯=3(0,3) 〉 ) = d.o.f(
∣∣∣ψN+N¯=3(3,0) 〉 ) = (D − 2)(D − 1)(D + 6)6 . (5.23)
The second and third states are represented by
⊗ , and ⊗ , (5.24)
respectively. The dimension of these representations with respect to the little group is
given by
dim
[
⊗
]
= (D − 2)× (D − 2)(D + 1)
2
, (5.25)
and the number of degrees of freedom for these states is
d.o.f
( ∣∣∣ψN+N¯=3(1,2) 〉 ) = d.o.f(
∣∣∣ψN+N¯=3(2,1) 〉 ) = (D − 2)2(D + 1)2 . (5.26)
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Combining these results, we have the QFT partition function for the n = w = ±1
sector
Z1,1(τ2) =
∫
dD−1k
(2π)(D−1)
e−piτ2α
′k2
×
[
(D − 2)(D − 1)(D + 6)
6
(
e−piτ2(r+
1
r )
2
+8piτ2 + e−piτ2(r+
1
r )
2−4piτ2
)
+
(D − 2)2(D + 1)
2
(
e−piτ2(r+
1
r )
2
+ e−piτ2(r+
1
r )
2
+4piτ2
) ]
.
(5.27)
On the other hand, the evaluation of (5.9) at the critical dimension, D = 26, gives
Z1,1(τ2) =
∫ 1
2
− 1
2
dτ1Z1,1(τ)
=
∫
d25k
(2π)25
e−piτ2α
′k232
[
100
(
e−piτ2(r+
1
r )
2
+8piτ2 + e−piτ2(r+
1
r )
2−4piτ2
)
+ 243
(
e−piτ2(r+
1
r )
2
+ e−piτ2(r+
1
r )
2
+4piτ2
) ]
.
(5.28)
This is exactly the same result as in the field theory (5.27) with D = 26.
5.3 n = ±2 and w = ±2
In this case, the level matching constraint is given by N + N¯ = 6, and there are 7 states:
1. N = 0 , N¯ = 6 , M2 =
4
α′
(
r +
1
r
)2
− 20
α′
,
∣∣∣ψN+N¯=6(0,6) 〉 ,
2. N = 1 , N¯ = 5 , M2 =
4
α′
(
r +
1
r
)2
− 16
α′
,
∣∣∣ψN+N¯=6(1,5) 〉 ,
3. N = 2 , N¯ = 4 , M2 =
4
α′
(
r +
1
r
)2
− 12
α′
,
∣∣∣ψN+N¯=6(2,4) 〉 ,
4. N = 3 , N¯ = 3 , M2 =
4
α′
(
r +
1
r
)2
− 8
α′
,
∣∣∣ψN+N¯=6(3,3) 〉 ,
5. N = 4 , N¯ = 2 , M2 =
4
α′
(
r +
1
r
)2
− 4
α′
,
∣∣∣ψN+N¯=6(4,2) 〉 ,
6. N = 5 , N¯ = 1 , M2 =
4
α′
(
r +
1
r
)2
,
∣∣∣ψN+N¯=6(5,1) 〉 ,
7. N = 6 , N¯ = 0 , M2 =
4
α′
(
r +
1
r
)2
+
4
α′
.
∣∣∣ψN+N¯=6(6,0) 〉 .
(5.29)
The first and the last states consist of the following irreducible representations:
∣∣∣ψN+N¯=6(0,6) 〉 : • ⊗
(
+ + + +
+ + + + 2 + + •
)
,
(5.30)
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and
∣∣∣ψN+N¯=6(6,0) 〉 :
(
+ + + +
+ + + + 2 + + •
)
⊗ • .
(5.31)
Using the result in (C.1), we can obtain the number of the physical degrees of freedom,
d.o.f
[ ∣∣∣ψN+N¯=6(0,6) 〉 ] = d.o.f[
∣∣∣ψN+N¯=6(6,0) 〉 ]
=
(D − 2)(D − 1)(D + 8)(D3 + 28D2 + 57D − 90)
6!
.
(5.32)
Next, the second and the sixth states are represented as follows:∣∣∣ψN+N¯=6(1,5) 〉 = ⊗ ( + + + + + ) , (5.33)
and∣∣∣ψN+N¯=6(5,1) 〉 = ( + + + + + ) ⊗ . (5.34)
As before, the grey box denotes the vector representation of the SO(d − 2) little group.
From (C.1), we obtain the number of degrees of freedom for these states,
d.o.f
[ ∣∣∣ψN+N¯=6(1,5) 〉 ] = d.o.f[
∣∣∣ψN+N¯=6(5,1) 〉 ]
=
(D − 2)2(D + 1)(D + 4)(D(D + 17) − 30)
5!
.
(5.35)
The third and fifth states are described by the following irreducible representations,∣∣∣ψN+N¯=6(2,4) 〉 : ⊗ ( + + + • ) , (5.36)
and ∣∣∣ψN+N¯=6(4,2) 〉 : ( + + + • )⊗ . (5.37)
Their number of degrees of freedom is given by
d.o.f
[ ∣∣∣ψN+N¯=6(2,4) 〉 ] = d.o.f[
∣∣∣ψN+N¯=6(4,2) 〉 ] = (D − 2)(D − 1)(D + 1)(D + 12)4! . (5.38)
Finally, we consider the fourth state, N = N¯ = 3. It is represented by∣∣∣ψN+N¯=6(3,3) 〉 : ( + )⊗ ( + ) . (5.39)
The number of physical degrees of freedom for this state is given by
d.o.f
[ ∣∣∣ψN+N¯=6(3,3) 〉 ] =
(
(D − 2)(D − 1)(D + 6)
3!
)2
. (5.40)
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Collecting all the physical states we can construct the corresponding field theory par-
tition function
Z2,2(τ2) =
∫
dD−1k
(2π)(D−1)
e−piτ2α
′k2
×
[
(D−2)(D−1)(D+8)(D3+28D2+57D−90)
6! e
−4piτ2(r+ 1r )
2(
e20piτ2 + e−4piτ2
)
+ (D−2)
2(D+1)(D+4)(D(D+17)−30)
5! e
−4piτ2(r+ 1r )
2(
1 + e16piτ2
)
+ (D−2)(D−1)(D+1)(D+12)4! e
−4piτ2(r+ 1r )
2(
e8piτ2 + e4piτ2
)
+
(
(D−2)(D−1)(D+6)
3!
)2
e8piτ2−4piτ2(r+
1
r )
2 ]
.
(5.41)
At the critical dimension the explicit integration in τ1 (5.9) is given by
Z2,2(τ2) = Z−2,−2(τ2)
=
∫
d25k
(2π)25
[
e−piτ2α
′k21073720 e−4piτ2−4piτ2(r+
1
r )
2
+ 4230144 e−4piτ2(r+
1
r )
2
+ 8310600 e4piτ2−4piτ2(r+
1
r )
2
+ 10240000 e8piτ2−4piτ2(r+
1
r )
2
+ 8310600 e12piτ2−4piτ2(r+
1
r )
2
+ 4230144 e16piτ2−4piτ2(r+
1
r )
2
+ 1073720 e20piτ2−4piτ2(r+
1
r )
2]
,
(5.42)
and this result is consistent with the field theory partition function (5.41) with D = 26.
6 Conclusions
In this paper we have presented a detailed study of twisted string theory compactified on
S1. When KK and winding states are taken into account, new and intriguing phenomena
emerge. The spectrum of the theory differs radically from its non-compact counterpart.
Infinitely many massive higher spin fields arise.
Interestingly enough, there are also infinitely many enhancing points at which infinitely
many massless higher spin fields appear in the spectrum. The maximal enhancement occurs
at the self dual point. The algebra associated to the enhanced gauge symmetry at the self
dual radius is quite intricate. However, for a particular subsector of the massless fields, the
enhanced algebra was identified as iso(2)L ⊕ su(2)R.
On the other hand, there are points where only a small number of massless fields
appears. Generically, at such points, in addition to the usual massless NS sector, there is a
massless higher spin field. The minimal configuration occurs at r =
√
2± 1 and comprises
the gravity sector and a positive norm spin three field.
Perhaps the most intriguing aspect of this theory is the partition function. As in the
case of the flat non-compact twisted string, Z(τ, τ¯ ) does not converge and it leads the lack of
modular invariance (5.4). This fact could be a signal of an inconsistency. However we found
that the partition function accurately reproduces the expected QFT result. We checked
this result up to n = 2 and w = 2. We believe that it holds in general for every value of
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the internal momentum and winding number. Nevertheless, proving this statement could
be a difficult task, since the classification of the higher spin vertex operators is unknown.
In fact even in the usual string theory this classification remains an open problem, see
[22, 23] and references therein. It would be interesting to find an alternative expression of
the partition function Z instead of using the Z(τ, τ¯). In this way we could avoid the τ1
integration and the ill-definiteness of the Z(τ, τ¯ ).
In what follows we shall present a speculation about how the modular invariance might
be restored. In [6] and this work we have worked out string theory on ordinary spacetime
with coordinates xµ and Riemann surfaces. Hence, we have used the ordinary definition of
the partition function, for instance, for the bosonic part we have
Z =
∫
Dx[Dhab]e
−S[x,h] =
∫
dτdτ¯
τ2
Tr
[
exp
(
2πiτ1P − 2πτ2H
)]
. (6.1)
In the case of the torus worldsheet, there are two real moduli τ1 and τ2 and the integration
over the worldsheet metric hab translates into the integration over τ1 and τ2, after gauge
fixing. An alternative approach which is more related to the spirit of ambitwistor string
[1] would be extending the real functional integration domain to a complex one x→ X =
X1 + iX2 and choose a proper integration contour
5 [28] to get a finite modular partition
function. However, in this case the equivalence between the path integral and operator
definition (6.1) is not guaranteed.
It is not clear whether at the self dual point the infinitely many massless higher spins
can be packaged in some group representation. Of course at this point either the infinite
tension α′ → 0 or the tensionless limit α′ → ∞ are much more involved and a careful
analysis is needed. After taking the tensionless limit we expect every field in the theory
becomes massless for any radius. It would be worth to further explore this line and relate
it with the higher spin gauge theory [24]. On the other hand twisted ambitwistor string
in torus background may be related with conformal higher spin theory, which is regarded
as a consistent interacting theory in flat space [29]. It would be interesting to compare
scattering amplitudes between twisted ambitwistor string theory and conformal higher spin
theory [30, 31].
The appearance of infinitely many negative norm states is a signal of a severe instability,
even in the supersymmetric version. Providing a physical interpretation to this instability
would be important and may play a role in string cosmology. Alternatively a mechanism
could exist that projects out all the negative norm states. Finding such mechanism would
place twisted string theory at the same footing of the others well established string theories.
It would be worth to explore in this direction.
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A Circle compactification of usual string
In this section we review the quantization of closed bosonic string compactified on S1.
Let us consider closed bosonic string compactified on S1 with radius R. The coordinate
identification is
X25 = X25 + 2πR . (A.1)
On the one hand univaluedness of the vertex operator requires discrete momentum k25 in
the compact direction. A closed string can now wind around the compact direction, i.e.
X25(σ0, σ1) = X25(σ0, σ1) + 2πωR . (A.2)
In the case with no compact directions, the massless fields are g, B and φ. For one compact
dimension, from the (D−1) perspective, the metric and the B-field give rise to two massless
Kaluza-Klein gauge fields transforming in the U(1)L ×U(1)R group and a massless scalar.
At the self-dual radius R = α
′
R =
√
α′ there are more massless states and the U(1)L×U(1)R
gauge group is enhanced to SU(2)L × SU(2)R, with six gauge fields. There are also nine
scalars transforming in the bi-fundamental representation of the enhanced group.
In this case the mass-shell condition and the level matching constraint read
m2 = −kµkµ = (kL)2 + 4
α′
(N¯ − 1) = (kR)2 + 4
α′
(N − 1) , (A.3)
or
m2 =
n2
R2
+
ω2R2
α′
+
2
α′
(N + N¯ − 2) , (A.4)
and
N − N¯ − nω = 0 , (A.5)
where
kL =
n
R
+
ωR
α′
kR =
n
R
− ωR
α′
. (A.6)
Let us focus now on the massless states at the self dual point. From (A.3) it follows
that
kL = ± 2√
α′
(1− N¯) 12 , (A.7)
kR = ± 2√
α′
(1−N) 12 .
Each of the these equations has only two solutions, N¯ = 0 , 1 and N = 0 , 1. We summarize
the D dimensional massless states with their corresponding vertex operator in Table A.
We define the left/right internal currents as
J±L/R(z) = : exp(
±2i√
α′
XL/R(z)) : , (A.8)
J3L/R(z) = : (
i√
α′
)∂XL/R(z) : , (A.9)
24
Level Vertex operator
N = 0
N¯ = 0
φ±,±J±L J
±
R
N = 0
N¯ = 1
( i√
α′
)a¯±µ ∂¯XµJ
±
R
φ3,±J3LJ
±
R
N = 1
N¯ = 0
( i√
α′
)a±µ ∂XµJ
±
L
φ±,3J±L J
3
R
N = 1
N¯ = 1
( i√
α′
)2ǫµν ∂¯X
µ∂Xν
( i√
α′
)ǫ¯µ∂¯X
µJ3R
( i√
α′
)ǫµ∂X
µJ3L
φ3,3J
3
LJ
3
R
Table 4. 25-dimensional massless spectrum.
where a, ǫ and φ denote the polarization of the corresponding state. For simplicity we have
omitted the exponential operator exp(ik · x(z)) in the vertex operator.
To exhibit the SU(2)L×SU(2)R we should check the OPE between the currents. Here
we recall the general expressions for the OPE between J±(z1)J±(z2) and J3(z1)J±(z2)
with arbitrary momentum in the compact direction
: exp(ik1X(z1)) :: exp(ik2X(z2)) : = exp(−k1k2D(z12)) : exp(ik1X(z1) exp(ik2X(z2)) : ,
: ∂z1X(z1) :: exp(ik2X(z2)) : ∼ ik∂z1D(z12) : exp(ikX(z2)) : . (A.10)
For ordinary string theory the two point functions correlator can be split into
DR(z) = −α
′
2
log(z) , (A.11)
DL(z¯) = −α
′
2
log(z¯) .
Let us assume for a moment that
k1 =
2√
α′
m k2 =
2√
α′
n . (A.12)
After Taylor expanding the first line of (A.10) we get
: exp(ik1X(z1) : : exp(ik2X(z2)) :∼
:
∞∑
p=0
1
p!
∂(p)z2
(
exp(ik1X(z2))
)
exp(ik2X(z2)) : z
p+2mn
12 .
(A.13)
Specializing to ordinary S1 compactification, (m,n) = ±1. The relevant part of (A.13) is
when m = 1 and n = −1 or viceversa
J+(z1)J
−(z2) ∼ 1
z212
+
2
z12
J3(z2) . (A.14)
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More general the three currents satisfy the OPE
Ja(z1)J
b(z2) ∼ κ
ab
z212
+ i
fabc
z12
Jc(z2) , (A.15)
where a = +,−, 3 and κab and fabc are the Cartan metric and the structure constants of
the SU(2) group. The infinite dimensional algebra or Kac-Moody algebra formed by the
Laurent coefficients
Ja(z) =
∞∑
m=−∞
jam
zm+1
, (A.16)
is [
jam, j
b
n
]
= mδm,−nκab + ifabcjcm+n . (A.17)
Notice that the zero modes, which are the ones that are relevant for the QFT approxima-
tion, satisfy the su(2) (Lie algebra) commutation relations[
ja0 , j
b
0
]
= ifabcj
c
0 . (A.18)
B Review on the one-loop partition function with asymmetric vacuum
on non-compact spacetime
The full partition function including the b c ghosts can be computed using the usual
definition of the partition function in the operator formalism,
Z(τ) = Tr
[
(−1)F (−1)F c0bcc0b0exp
(
2πiτ1P − 2πτ2H
)]
(B.1)
P = L0 − L0 H = L0 + L0 . (B.2)
Where the F and F are fermionic number operators acting on the right and the left part
respectively and the L0 and L0 operators
L0 = 1
2
α20 + NˆB + Nˆg − 1 ,
L0 = 1
2
α¯20 − NˆB + Nˆg + 1 .
(B.3)
Plugging L0 and L0 into (B.1), after some algebra we recast the partition function as,
Z(τ) = e−4piiτ1 (B.4)
TrR0
[
e+piiτα
2
0
]
TrR
[
e+2piiτNˆB
]
TrR
[
(−1)F c0b0e+2piiτNˆg
]
TrL0
[
e−piiτ¯ α¯
2
0
]
TrL
[
e−2piiτNˆB
]
TrL
[
(−1)F c0b0e−2piiτNˆg
]
.
For the non compact strings the zero mode physical states depend only on the combination
X0L +X0R, i.e.
eik·X0L+ik·X0R = eik·X0 , (B.5)
and there is no distinction between KL and KR. The base of zero mode states is given by
eik·X0L and eik·X0R . (B.6)
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After identifying X0L and X0R as X0L = X0R =
1
2X0 and collecting all the pieces we get
(the details of the calculation can be found in [6]),
Z(τ) =
∫
dDk
(2π)D
e−piτ2α
′k2e−4piiτ1
×
[ ∞∑
N=0
P
(
N
)(
e2piiτ
)N](D−2)[ ∞∑
N=0
P
(
N
)(
e2piiτ
)N](D−2)
,
(B.7)
where D = 26, is the critical dimension. Since the second series in (B.7) does not converge
the partition function is not modular invariant. Instead of performing the integration on the
moduli space of the torus in the fundamental domain, now we can perform the integration
in the full strip τ2 > 0 and |τ1| < 12 . Moreover we can perform first the integration in the
τ1 direction.
The relevant terms in (B.7) for computing the integration in τ1 are
Z(τ) ∼
∫
dDk
(2π)D
e−piτ2α
′k2e−4piiτ1
×
[
1 + P (1)e2piiτ + P (2)e4piiτ
](D−2)[
1 + P (1)e2piiτ¯ + P (2)e4piiτ¯
](D−2)
.
(B.8)
Note that terms with exponents greater than 4π will be projected out by the τ1 integration.
Now using multinomial expansion
(x1 + x2 + . . .+ xm)
n =
∑
k1+k2...+km=n
n!
k1!k2! . . . km!
m∏
t=1
xktt , (B.9)
with exponent n = (D − 2) and keeping only the relevant terms we have
Z(τ) ∼
∫
dDk
(2π)D
e−piτ2α
′k2e−4piiτ1
×
[
1 + (D − 2)P (1)e2piiτ + [(D − 2)P (2) + (D − 2)(D − 3)
2
P (1)
]
e4piiτ
]
×
[
1 + (D − 2)P (1)e2piiτ¯ + [(D − 2)P (2) + (D − 2)(D − 3)
2
P (1)
]
e4piiτ¯
]
,
(B.10)
where the integer partition are P (1) = 1 and P (2) = 2. At this point it is straightforward
to see that after the τ1 integration we get a finite contribution which is in perfect agreement
with the numbers of degrees of freedom and with the expected QFT result.
Z(τ2) =
∫ 1
2
− 1
2
Z(τ)dτ1
=
∫
dDk
(2π)D
e−piτ2α
′k2
(1
2
(D − 2)(D + 1) e4piτ2 + (D − 2)2 + 1
2
(D − 2)(D + 1) e−4piτ2
)
.
(B.11)
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C Dimension of the Young tableau for the irreducible tensor represen-
tations of SO(D − 1)
Here we list the irreducible tensor representations for the little group. See [27] for the
details.
dim
[ ]
=
(D + 2)(D + 1)D(D − 1)(D − 2)(D + 9)
6!
,
dim
[ ]
=
(D − 2)(D − 1)D(D + 1)(D + 7)
5!
,
dim
[ ]
=
4(D − 3)(D − 2)(D − 1)(D + 1)(D + 5)
5!
,
dim
[ ]
=
(D − 2)(D − 1)D(D + 5)
4!
,
dim
[ ]
=
3(D − 3)(D − 2)D(D + 3)
4!
,
dim
[ ]
=
2(D − 4)(D − 1)D(D + 1)
4!
,
dim
[ ]
=
(D − 2)(D − 1)(D + 3)
3!
,
dim
[ ]
=
2(D − 3)(D − 1)(D + 1)
3!
,
dim
[ ]
=
(D − 3)(D − 2)(D − 1)
3!
,
dim
[ ]
=
(D + 1)(D − 2)
2
,
dim
[ ]
=
(D − 1)D
2
,
dim
[ ]
= (D − 1) ,
dim
[ ]
= (D − 2) ,
dim
[ • ] = 1 .
(C.1)
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